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1. INTRODUCTION AND PRELIMINARIES 

For a given partially ordered set X, Bhaskar and Lakshmikantham in [3^ intro- 
duced the concept of coupled fixed point of a mapping F : XxX ^ X . Later in [4] , 
Lakshmikantham and Cirfc investigated some more coupled fixed point theorems 
in partially ordered sets. The following is the corresponding definition of a coupled 
fixed point. 

Definition 1.1. [3] An element {x,y) E X x X is said to be a coupled fixed point 
of the mapping F : X x X ^ X ii F{x, y) — x and F{y, x) = y. 

F. Sabetghadam et al. [12j obtained the following 

Theorem 1.2. Let {X,d) be a complete cone metric space. Suppose that the 
mapping F : X x X ^ X satisfies the following contractive condition for all x, 
y,u,v € X 

d{F{x, y),F{u, v)) < kd{x, u) + ld{y, v) 

where k, I are nonnegative constants with k + I < 1. Then F has a unique coupled 
fixed point. 

In this paper, we give the analogous of this result (and some others in [12j ) on 
partial metric spaces, and we establish some coupled fixed point results. 
The concept of partial metric space {X,p) was introduced by Matthews in 1994. In 
such spaces, the distance of a point in the self may not be zero. First, we start with 
some preliminaries definitions on the partial metric spaces [U El 13 EJ [7l [3 lU [TOl HH 
US] 

Definition 1.3. (O [6j [7]) A partial metric on a nonempty set X is a function 

p : X X X — !• R+ such that for all x,y,z e X: 

(pi) x^y p{x, x) = p{x, y) = p{y, y), 

(p2) p{x,x) < p{x,y), 

(p3) p{x,y) ^p{y,x), 

(p4) p{x, y) < p{x, z) + p{z, y) - p{z, z). 
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A partial metric space is a pair {X,p) such that X is a nonempty set and p is a 
partial metric on X. 

Remark 1.4. It is clear that, if p{x,y) — 0, then from (pi), (p2) and (p3), x = y. 
But if a; = y, p{x, y) may not be 0. 

If p is a partial metric on X , then the function : X x X — i?+ given by 
P^ix, y) = 2p(x, y) - p{x, x) - p{y, y), 

is a metric on X. 

Definition 1.5. ([5l[6l[7]) Let {X,p) be a partial metric space. Then: 

(i) a sequence {xn} in a partial metric space {X,p) converges to a point x ^ X if 
and only if a;) = lim p{x,Xn)', 

n ^+oo 

(ii) A sequence {xn} in a partial metric space {X,p) is called a Cauchy sequence if 
there exists (and is finite) lim p{xn,Xm)- 

n^m ^+oo 

(iii) A partial metric space {X^p) is said to be complete if every Cauchy sequence 

in X converges to a point x G A", that is p{x, x) — lim p{xm Xm)- 

n^ni ^-f oo 

Lemma 1.6. ([HO [8]) Let {X,p) be a partial metric space. 

(a) {xn} is a Cauchy sequence in (A,p) if and only if it is a Cauchy sequence in the 
metric space (A,p''). 

(b) A partial metric space {X,p) is complete if and only if the metric space (A,p*) 
is complete. Furthermore, lim p^{xn,x) = if and only if 

n ^ + oo 

p{x,x)= lim p{xn,x)= lim p(a;„,a;,„). 

n ^ + oo n,m >-\-oo 

2. MAIN RESULTS 

Our first main result is the following 

Tiieorem 2.1. Let {X,p) be a complete partial metric space. Suppose that the 
mapping F : X x X ^ X satisfies the following contractive condition for all x, 
y,u,v e X 

(2.1) p{F{x, y), F(u, v)) < kp{x, u) + lp{y, v) 

where k, I are nonnegative constants with k + I < 1. Then F has a unique coupled 
fixed point. 

Proof. Choose xq, yo £ X and set xi = F{xo,yo) and yi — F{yo,XQ). Repeating 
this process, set Xn+i — F(x„,?/„) and j/n+i = F{yn,Xn). Then by (|2.ip . we have 

p{Xn,Xn+l) =p(F(x„_i, 2;„_i), F{Xn,yn)) 
<kp{Xn-l,Xn) + lp{y 

and similarly 

),F{yn,Xn)) 

<kp{yn-i,yn) + lp{x 

Therefore, by letting 

(2.4) )+piy Vn+l), 
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we have 

dn ^P{xn, Xn+l) + p{Vn,Vn+l) 

<kp{Xn-l,Xn) + lp{yn-l,yn) + kp{yn-l,yn) + lp{Xn-l,Xn) 
^{k + l)[p{yn-l,yn) +P{Xn-l,Xn)] 
= (/c + Vjdn^i. 

Consequently, if we set (5 fc + Z then for each n e N we have 
(2.6) d„ < 5dn-i < 6^dn-2 < - < S'^do. 

If c?o = then pIxq, xi) +p{yo, yi) — 0. Hence, from Reniark ll.41 we get xq = xi = 
F{xq, yo) and ya ~ yi ~ F{yQ, xq), meaning that (xq, yo) is a coupled fixed point of 
F. Now, let do > 0. For each n > m we have in view of the condition (p4) 

p{Xn,X,n) <PiXn,Xn-l) + p{Xn-l , Xn-2) - p{Xn^i , Xn-l) 
+p{Xn-2,Xn-3) + p{Xn-3 , Xn-4) - p{x 

+ ... + p{Xm+2: 2^m+l) + P{Xm+l, Xm) ~ p{Xm+li Xm+l) 
<P{x„,Xn-l) + p{Xn-l,Xn-2) + ■■■ + P{x^+i, Xm)- 

Similarly, we have 

p{yn,y-m) <p{yn,yn-i) +p{yn~i,yn-2) + ••• +p{ym+i,y,n)- 

Thus, 

p{Xn,Xm) +P{yn,ym) <dn-l + dn-2 + ■■■ + 

(2 J) <(^"-i+5"-2^... + J'")do 

< 



1-S 

By definition of p'^ , we have ^"(2;, y) < 2p(a;, y), so for any n > m 

(5™ 

(2.8) p''{xn,Xm) + p''{yn,yni) < 2p(x„ , a;„i) + 2p(y„ , j/„) < 2- -do- 

1—0 

which implies that {xn} and {j/n} are Cauchy sequences in {X,p^) because of < 
6 — k + I < 1. Since the partial metric space {X,p) is complete, hence thanks to 
Lemma [1.61 the metric space {X,p'^) is complete, so there exist u* , v* ^ X such 
that 

(2.9) lim p^(a;„,u*)= lim p'{y„,v*) = 0. 

Again, from Lemma ll.6[ we get 

p{u*,u*)^ lim p{xn,u*) ^ lim p(x„,a;„), 

and 

p{v*,v*)^ lim p(y„,w*)= lim p{yn,y^). 

ri— >-+oo n—¥-\-OQ 



But, from condition (p2) and 

) < d„ < <^"do, 

so since 5 S [0, 1[, hence letting n +00, we get lim p(a;„,x„) = 0. It follows 
that 

(2.10) p{u*,u*)= lim p{xn,u*) = lim p(a:„,x„) = 0. 
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Similarly, we get 

(2.11) p{v*,v*)^ lim p(j/„,u*)= lim p(?/„,yn)=0. 

Therefore, we have using (I2.ip 

p{F{u*,v*),u*) <p{F{u*,v*), Xn+l) +p{xn+i,u*) - p(x„+i , X„+i ) , By (p4) 

<p{F{u*,V*),F{Xn, Vn)) + p{Xn+l,U*) 
<kp{Xn,U*) +lp{yn,V*) +p{Xn+l,U*), 

and letting n — > +00, then from p.lOp and (|2.11l) . we obtain w*), m*)) = 0, 

so F(u*,v*) — u* . Similarly, we have F{v*,u*) = v* , meaning that {u*,v*) is a 
coupled fixed point of F. 

Now, if {u',v') is another coupled fixed point of F, then 

p{u',u*) ^ p{F{u',v'),F{u*,v*)) < kp{u',u*)+lp{v',v*) 

p{v', V*) = p{F{v', u'),F{v*,u*)) < kp{v', V*) + lp{u', u*). 
It follows that 

p{u',u*)+p{v',v*) < {k + l)[p{u',u*)+p{v',v*)]. 

In view of fc + / < 1, this implies that p{u',u*) + p{v' ,v*) = 0, so u* = u' and 
V* = v' . The proof of Theorem 12. II is completed. 

It is worth noting that when the constants in Theorem 12. II are equal we have the 
following Corollary 

Corollary 2.2. Let {X,p) he a complete partial metric space. Suppose that the 
mapping F : X x X ^ X satisfies the following contractive condition for all x, 
y,u,v € X 

(2.12) p{Fix,y),F{u,v)) < ^(p(x,m) +piy,v)) 
where < k < 1. Then, F has a unique coupled fixed point. 

Example 2.3. Let X — [0,+c>o[ endowed with the usual partial metric p defined 
hy p : X X X ^ [0, +00 [ with p{x, y) = max{a;, y}. The partial metric space {X,p) 
is complete because {X,p^) is complete. Indeed, for any x,y £ X, 

p^ix, y) = 2p{x, y) - p{x, x) - p{y, y) =2 max{x, y} - {x + y) 

= N - yl 

Thus, [X^p^] is the Euclidean metric space which is complete. Consider the map- 
ping F : X X X ^ X defined by F{x, y) — For any x, y,u,v e X, we have 

p(F(x,y),F(u,v)) — — max{x+y,u+v} < — [maxla;, u}+max{y, w}] = —\p(x,u)+p(y,v)], 
6 6 6 

which is the contractive condition (j2.12|) for fc = i. Therefore, by Corollarv 12. 2| 
F has a unique coupled fixed point, which is (0,0). Note that if the mapping 
F : X X X ^ X is given by F{x,y) = then F satisfies the contractive 

condition (|2.12p for fc = 1, that is, 

p{F{x,y),F{u,v)) = i max{a;+?/, u+w} < i[max{a:, u}+max{y, w}] = ]-[p{x,u)+p{y,v)], 
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In this case, (0, 0) and (1, 1) are both coupled fixed points of F and hence the coupled 
fixed point of F is not unique. This shows that the condition fc < 1 in Corollary 
12.21 and hence fc + / < 1 in Theorem l2.1l can not be omitted in the statement of the 
aforesaid results. 

Theorem 2.4. Let {X,p) be a complete partial metric space. Suppose that the 
mapping F : X x X ^ X satisfies the following contractive condition for all x, 
y,u,v € X 

(2.13) p{F{x, y), Fiu, v)) < kp{F{x, y), x) + lp{F{u, v),u) 

where k, I are nonnegative constants with k -\-l < \. Then F has a unique coupled 
fixed point. 

Proof. We take the same sequences {a;„} and {j/n} given in the proof of Theorem 

Xn+i = F{x„,y„), yn+i = F{yn,Xn) for any n e N. 
Applying (|2.13p . we get 

(2.14) ) < Sp{Xn^i,Xn) 

(2.15) p{yn,yn+i) < Sp(yn^i,yn), 
where S ~ . By definition of , we have 

(2.16) p^iXn^Xn+l) < 2p{Xn,Xn+l) < 2(5Xxi,Xo) 

(2.17) p'{yn,yn+i) < 2p(?;„,y„+i) < 2S''p{yi,yo). 

Since k + l < 1, hence (5 < 1, so the sequences {x„} and {y-n} are Cauchy sequences 
in the metric space {X,p'^). The partial metric space (X^p) is complete, hence from 
Lemma \TM {X,p^) is complete, so there exist u*, v* € X such that 



(2.18) lim p''{xn,u*)= lim p*(y„, i;*) = 0. 

From Lemma ll.6( we get 



and 



p{u*,u*)= lim p(x„,u*)= lim p(a:„,a;„), 



p{v*,v*)= lim p(?/„,ti*)= lim p(?/„,y„). 



By the condition (p2) and (|2.14[) . we have 

p{Xn,Xn) < piXn,Xn+l) < S^^p^Xi^Xo), 

so lim p(xn,Xn) = 0. It follows that 



(2.19) p{u*,u*)= lim p{xn,u*) ^ lim p{xn, Xn) — 0. 
Similarly, we find 

(2.20) p{v*,v*)= lim p{yn,v*) = lim p(?/„,y„)=0. 
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Therefore, by ([233]) 

p{F{u*,V*),U*) <p{F{u* ,V*),Xn+l) + p{Xn+l,U*) 

=p{F{u*,V*), F{Xn,yn)) + p{Xn+l,U*) 
<kp{F{u*,V*),U*) + lp{F(Xn, Vn),Xn) +p[Xn+l,U*) 
^kp{F{u*,V*),U*) + lp{Xn+l,Xn) +p{Xn+l,U*) 

and letting n —5- +oo, then from (|2.16p - (|2.19p . we obtain 

p{F{u*,v*),u*) < kp{F{u*,v*),u*). 

From the preceding inequahty we can deduce a contradiction if we assume that 
p{F{u* ,v*),u*) ^ 0, because in that case we conclude that 1 < fc and now this 
inequality is, in fact, a contradiction, so p{F{u* ,v*), u*) = 0, that is, F{u* , v*) — u* . 
Similarly, we have F(v* ^u*) = v* , meaning that {u*,v*) is a coupled fixed point of 
F. Now, if {u' , v') is another coupled fixed point of F, then in view of p.l3p 

p{u,u*) =p{F{u',v'),F{u*,v*)) 

<kp{F{u', v'),u') + lp{F{u\v*),u*) 

=kp{u' , u') + lp{u* , u*) 

<kp{u\ u*) + lp(u\ u*) ~ (k + l)p(u' , u*), using (p2) 

that is p{u',u*) — since {k + I) < 1. It follows that u* = u'. Similarly, we can 
have V* = v', and the proof of Theorem 12.41 is completed. 

Theorem 2.5. Let {X,p) be a complete partial metric space. Suppose that the 
mapping F : X x X ^ X satisfies the following contractive condition for all x, 
y,u,v €X 

(2.21) piFix, y), Fiu, v)) < kp{F{x, y),u) + lp{F{u, v), x) 

where k, I are nonnegative constants with k + 2l < 1. Then F has a unique coupled 
fixed point. 

Proof. Since, k + 21 < 1, hence k + I < 1, and as a consequence the proof of 
the uniqueness in this Theorem is as trivial as in the other results. To prove the 
existence of the fixed point, choose the sequences {xn} and {yn} like in the proof 
of Theorem 12.11 that is 

Xn+i = F{x„,y„), yn+i ^ F{yn,Xn) for any n G N. 

Applying again (|2.2ip . we have 

p{Xn, Xn+l) ^p{F{Xn-l,yn-l), F{x„,yn)) 

<kp{F{Xn^l,yn^l), Xn) + lp{F[Xn, yn),Xn-l) 
= kp{x„,Xn) +lp{Xn+l.,Xn-l) 
<kp{x„+i,Xn) + lp{Xn+l,Xn-l)], by (p2) 

<kp{Xn+l,Xn) + lp{Xn+l,Xn) + lp{Xn,Xn-l) using (p4) 

<(fc + l)p{Xn,Xn+l) + lp{Xn-l,Xn). 

It follows that for any n eW 

p{Xn,Xn+l) < \ -p{Xn-l,Xn). 
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Let US take 6 = jzjzrk- Hence, we deduce 

(2.22) p'^iXn^Xn+l) < 2p{Xn,Xn+l) < 2S'^p{xo, Xi). 

Under the condition < k+2l < 1, we get < 5 < 1. From this fact we immediately 
obtain that {a;„} is Cauchy in the complete metric space {X,p'^). Of course, similar 
arguments apply to the case of the sequence {un} in order to prove that 

(2.23) p'ivn, yn+i) < 2p{yn, y„+i) < 2S"p{yo, yi), 

and, thus, that the sequence {yn} is Cauchy in Therefore, there exist u*, 

V* e X such that 

(2.24) lim p%Xn,u*)^ lim p%y„,v*) = 0. 

Thanks to Lemma [TT51 we have 

lim p{xmU*) — lim p{xmXn) — p{u*,u*), 

n— ^+cxD n— >+oo 



and 



lim p{yn,v*)= lim p(y„, y„) = w*). 

n— J'+oo n— 7- + 00 



The condition (p2) together with (|2.22p yield that 

p{Xn,Xn) < p{Xn,Xn+l) < S"'p{xQ,Xi), 

hence letting n — )■ +oo, we get lim p{xn, Xn) — 0. It follows that 

n— > + cxD 

(2.25) p{u*,u*)= lim p(x„,u*)= lim p(a;„, a;„) = 0. 
Similarly, we have 

(2.26) p{v*,v*)= lim p(y„,w*)= lim p(y„,y„)=0. 
Therefore, we have using (|2.2ip 

p{F{u*,V*),U*) <p{F{u*,V*), Xn+i) +p{Xn+l,U*) 

=p{F{u* ,V*), F{Xn,yn)) + p{Xn+l,U*) 
<kp{F{u*,V*),Xn) + lp{F{Xn,yn),U*) +p(x„+i,U*) 
^kp{F{u*,V*),Xn) + lp{Xn+l,U*) +p{Xn+l,U*) 

<kp{F{u*,V*),U*) + kp{u*,Xn) + lp{Xn+l,U*) + p{Xn+l,U*), USiug 

Letting n — > +oo yields, using (|2.25p 

p{F{u*,v*),u*) < kp{F{u*,v*),u*), 

and since fc < 1, we have p(F{u* ,v*),u*) = 0, that is F{u*,v*) = u*. Similarly, 
thanks to (I2.26p . we get F{v*,u*) — v* , and hence {u*,v*) is a coupled fixed point 
of F. 

When the constants in Theorems 12.41 and 12.51 are equal, we get the following 
corollaries 

Corollary 2.6. Let {X,p) be a eomplete partial metric space. Suppose that the 
mapping F : X x X ^ X satisfies the following contractive condition for all x, 
y,u,v € X 

(2.27) piFix,y),F{u,v)) < ^{p{F{x,y),x) + p{F{u,v),u)) 
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where < fc < 1 . Then, F has a unique coupled fixed point. 

Corollary 2.7. Let {X,p) he a complete partial metric space. Suppose that the 
mapping F : X X ^ X satisfies the following contractive condition for all x, 
y,u,v e X 

(2.28) piFix,y),F{u,v)) < ^{p{F{x,y),u) + p{F{u,v),x)) 

where < fc < | . Then, F has a unique coupled fixed point. 

Proof. The condition < fc < | follows from the hypothesis on fc and I given in 
Theorem [231 

Remark 2.8. • Theorem 12 . II extends the Theorem 2.2 of [T? on the class of 

partial metric spaces. 
• Theorem 12.41 extends the Theorem 2.5 of [T? on the class of partial metric 
spaces. 

Remark 2.9. Note that in Theorem 12. 4[ if the mapping F : X x X X satisfies 
the contractive condition (|2.13l) for all x, y, u, v E X, then F also satisfies the 
following contractive condition 

^2 P{F{x, y), F{u, v)) ^p{F{u, v), F{x, y)) 

<kp{F{u,v),u) + lp{F{x,y),x) 
Consequently, by adding (I2.13|) and (|2.29l) . F also satisfies the following: 

(2.30) piF{x, y), F{u, v)) < ^p{F{u, v), u) + ^p{F{x, y),x) 

which is a contractive condition of the type ()2.27p in Corollary 12.61 with equal 
constants. Therefore, one can also reduce the proof of general case ()2.13p in Theorem 
12.41 to the special case of equal constants. A similar argument is valid for the 
contractive conditions (|2.2ip in Theorem 12.51 and (I2.28|) in Corollary 12.71 

Acknowledgment. The author thanks the editor and the referees for their kind 
comments and suggestions to improve this paper. 
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